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Labelling algorithm

ow consider a bipartite graph, thus V = X u Y where X n Y = ¢ and both
and Y are IS.

maximum matching M = {(xi,yi)} (i=1,...,m) is assumed to be known,
here (xi,yi) denotes an edge of the bipartite graph, Xi e X, yi €Y,
; # Xj and Vs # yj for i # j. If (Xi’yi) € M then X, is the match of
; and Vs is the match of X Vertices without match are exposed
ertices.

f the matching assigns a match to each vertex then |X| = |Y| and, by
he corollary of theorem 1, both X and Y are an MIS set.

n the labelling algorithm L below the IS set of exposed vertices is
elected as part of the MIS set. Then the vertices which are adjacent
0 expose vertices must be excluded from the MIS set, but the matches

f these vertices can be included, and so on.

lgorithm L

) initially, all vertices are unlabelled;

) assign label 1 to all exposed vertices, k:= 1;

) assign label 2k to all unlabelled vertices which are adjacent to a
vertex with label 2k-1, if no label can be assigned then goto k;

) assign label 2k+1 to the match of each vertex with label 2k, k:= k+1,
return to 2;

) assign label 2k to each unlabelled vertex in X, assign label 2k+1 to

each unlabelled vertex in Y,

or the analysis of algorithm L it is convenient to introduce the
ollowing notation. At each stage of the algorithm Xi denotes the set

f vertices in X with label i, Yi denotes the set of vertices in Y with
abel 1.

t will be shown that algorithm L assigns a label to each vertex exactly
nce, hence the algorithm terminates, and that the vertices with an odd
abel constitute an MIS set. This is obviously the case if there are no

xposed vertices or if each exposed vertex is an isclated one. Thus it
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imilarly, there is an alternating path from each vertex in sz to Y.

ow the existence of an edge of M between sz and Y2k would imply the

xistence of an alternating path between X, and Y1, contradicting that

1
he matching is maximum.

emma, 2

he algorithm does not relabel a vertex.

roof

elabelling could occur in step 3 only, the other steps assign labels

o unlabelled vertices only. Assume contrariwise that relabelling occurs,
or the first time, in the k-th execution of step 3. Thus the match u of

ertex v with label 2k has a label 1 just after the k-th execution of

tep 2. It is assumed that v € X. If 1 = 2k there is an edge of M between
and ng, contradicting lemma 1. If 1< 2k and 1 is odd, there is an

2k

dge of M between Yl and Xl 1 hence u has a match in both ng and Xl =
f 1< 2k and 1 is even, then v was labelled already in execution 1/2

f step 3. Thus in all cases a contradiction is found.
onsequently, the algorithm terminates.

neorem 2

he vertices to which algorithm L assigns an odd label constitute an

IS set.

roof

rom the definition of algorithm L it is evident that just before the
xecution of step 4 no unlabelled vertex is adjacent to a vertex with

n odd label. Thus if x € X and the edge (x,y) exists

ok+12 Y € Yo149
nen both x and y were labelled in step 3. By the same reasoning as in
he proof of lemma 1 the existence of that edge implies the existence of

1 alternating path between two exposed vertices.




aus the vertices with an odd label constitute an IS set.

f (u,v) € M either u or v has an odd label. This is so because, in
tep 3 X2k+1 and Y2k+1 are defined by the matching, thus there is
jge of M between the vertices labelled in step 4 and the other ver-
ices.

> each vertex with an even label has a match with an odd label and

>rollary 1 yields the desired result.

drollary 2

1 a bipartite graph the number of vertices in an MIS set equals the
mber of edges in a maximum matching plus the number of exposed ve:

1 such a matching.




Concluding remarks

ne amount of computation required by steps 2 and 3 of algorithm L is
roportional to, at most, the number of edges in the bipartite graph.

s a maximum matching can be found by an efficient method, an MIS set

an also be found efficiently.

lgorithm L is based upon the relations between maximum matchings and

IS sets as formulated in [1]. It seems difficult to exploit these
slations in non-bipartite graphs. It may be of interest to note that the
kpression 'consider a bipartite graph' can be generalized to 'consider

graph with a given minimum coloring of the vertices'.
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